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We analyze a coupling scheme for qubits in different cavities of circuit-QED architecture. In
contrast to the usual scheme where the cavities are coupled by an interface capacitance we employ a
bridge qubit connecting cavities to mediate two-qubit coupling. This active coupling scheme makes
it possible to switch on/off and adjust the strength of qubit-qubit coupling, which is essential for
scalability of quantum circuit. By transforming the Hamiltonian we obtain an exact expression
of two-qubit coupling in the rotating-wave approximation. For the general case of n qubits the
Hamiltonian can produce the W state as an eigenstate of the system. We calculate the decay rate
of the coupled qubit-resonator system to find that it is viable in real experiments.
PACS numbers: 03.67.Lx, 42.50.Pq, 85.25.-j
I. INTRODUCTION
In the circuit quantum electrodynamics (QED) archi-
tecture the oscillating modes in superconducting trans-
mission line resonator interact with superconducting
qubits coupled with the resonator. The circuit-QED ar-
chitecture has the advantage that the dipole moment of
the qubit (an artificial atom) can be adjusted up to a
significantly large value compared to that of atom in the
cavity-QED, which gives rise to a strong qubit-resonator
coupling [1, 2]. Two qubits coupled with the same res-
onator can interact with each other through resonator
modes [3–6]. Recently three-qubit quantum error correc-
tion code has been implemented in a circuit-QED device
where four qubits are coupled with the same resonator
[7].
In order to couple more qubits one can employ Jaynes-
Cummings type lattice structure consisting of circuit-
QED circuits, where each transmission line resonator is
coupled to just one qubit and the interaction between
resonators is mediated via a coupling capacitance [8–13].
Further, the coupling capacitance can be replaced by a
Josephson ring consisting of superconducting ring inter-
rupted by Josephson junctions in order to demonstrate
the effect of time-reversal symmetry breaking [14, 15]. In
these passive coupling the coupling circuit only transmits
photons to the other resonator through virtual excita-
tions.
On the other hand, the cavity modes can be coupled
via an interface qubit instead of the coupling capacitance
[16–18]. In a recent experiment two cavities in a three-
dimensional circuit-QED architecture has been coupled
through a bridge qubit [19]. In this study, we consider a
circuit-QED system consisting of two qubits coupled to
two cavities which are connected through a two-level sys-
tem (a bridge qubit) as shown in Fig. 1(a). While previ-
ous studies couples the photon modes in cavities without
qubit [14, 15, 19], we introduce a qubit in each cavity
and couple these qubits by using the bridge qubit. In
this active coupling the bridge qubit interacts with the
photon modes of the cavities, and thus by controlling the
bridge qubit state we can switch on/off and adjust the
strength of the qubit-qubit coupling.
The transformed Hamiltonian can be represented as
a direct sum of two Hamiltonians: the one describes the
resonator modes and the other the qubit and bridge qubit
states. This transformation provides an exact expression
of two-qubit coupling in latter Hamiltonian. If one in-
troduce the transmon qubit as a bridge qubit, one can
control the two-qubit coupling by controlling the trans-
mon state, which is essential for scalability of quantum
circuit. More than two qubits can be coupled through a
bridge qubit, which may realize the circuit-QED lattice
model [8–10, 14, 15] with controllable interaction. We
consider the general case of n qubits interacting via a
bridge qubit as shown in Fig. 1(b). We show that the
n-qubit Hamiltonian can be transformed to an effective
model with xy-type coupling and the W state can be
formed as an eigenstate of the system.
For two qubit case we provide numerical results for
the two-qubit coupling and discuss achieving two-qubit
coupling and
√
iSWAP gate in experiments. Further, we
obtain the eigenstates of the coupled qubit-resonator sys-
tem and calculate the decay rate of the system. The de-
cay rate is of the same order of that of the uncoupled
qubit state so that the coupled qubit-resonator system
may be viable in real experiments.
II. HAMILTONIAN OF COUPLED QUBITS
Figure 1(a) shows two transmission line resonators of
circuit-QED scheme coupled to two qubits (Q1 and Q2)
and a two-level system (QA, a bridge qubit) at the antin-
odes of the resonator modes. The bridge qubit is cou-
pled at the end of resonator as shown in the circuit-
QED scheme of Ref. 2. The resonating modes in the
resonators interact with the two-level system as well as
the qubits, resulting in virtual qubit-qubit coupling. In
general, more resonators can be coupled to the two-level
system as shown in Fig. 1(b), and thus we will analyze
the Hamiltonian for general n qubits coupled via a bridge
qubit.
The n-qubit Hamiltonian can be written in the
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2rotating-wave approximation as
Hn =
1
2
ωaσaz +
n∑
j=1
[
ωrja
†
jaj +
1
2
ωqjσjz (1)
−gj(a†jσj− + ajσj+)− fj(a†jσa− + ajσa+)
]
,
where ωa, ωqj and ωrj are the frequencies of two-level sys-
tem QA, qubit Qj , and corresponding resonating mode,
respectively. The qubit Qj and resonating mode are cou-
pled with the coupling constant gj at the center of the
resonator, and fj is the coupling constant between the
bridge qubit and the resonating mode at the end of the
resonator.
The off-diagonal terms with the coupling constants gj
and fj can be eliminated by introducing the transforma-
tion,
H˜n = U
†
nHnUn, (2)
where
Un = e
M = e−
∑n
j=1[φj(a
†
jσj−−ajσj+)+θj(a†jσa−−ajσa+)]. (3)
We, for simplicity, consider identical qubits and res-
onators, and set ωrj = ωr, ωqj = ωq, φj = φ, and
θj = θ. The Hamiltonian of Eq. (1) conserves the exci-
tation number,
Ne =
n∑
j=1
(sjz + 1/2 +Nrj) + (saz + 1/2), (4)
where sjz, saz ∈ {−1/2, 1/2} with j ∈ {1, · · · , n} are the
eigenvalues of the operators Sjz =
1
2σjz and Saz =
1
2σaz,
respectively, and Nrj is the excitation number of oscillat-
ing modes in j-th resonator. Here, we consider the lowest
excitation case that Ne = 1 and thus Nrj ∈ {0, 1}.
Un is a block-partitioned (2n+ 1)× (2n+ 1) matrix in
the basis of {|s1z, Nr1, s2z, Nr2, · · · , snz, Nrn, saz〉}. The
(a)
Q1
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f
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FIG. 1: (a) Two qubits Q1 and Q2 coupled via a bridge qubit
QA in circuit-QED architecture. The coupling between qubit
(bridge qubit) and the resonator is g (f) at the anti-node of
the resonating modes. (b) n qubits coupled via a bridge qubit.
explicit form of Un for Ne = 1 can be calculated as
Un =

Q T T · · · T C
T Q T · · · T C
T T Q · · · T C
...
...
...
. . .
...
...
T T T · · · Q C
C ′ C ′ C ′ · · · C ′ φ2+nθ2 cos qq2

, (5)
where the matrices Q,T,C, and C ′ are derived in Ap-
pendix.
In the transformed Hamiltonian of Eq. (2) the coupling
terms in Eq. (1) can be eliminated by introducing the
conditions,
tan 2φ = 2g/∆, (6)
tan 2q =
2q(φg + nθf)
q2∆ + nθ2∆′
, (7)
tan q =
q(φf − θg)
θφ∆′
(8)
with ∆ ≡ ωq − ωr, q ≡
√
φ2 + nθ2, and ∆′ ≡ ωa − ωq,
which ensures [H˜n]uv = 0 if u + v=odd. For given g/∆
and f/∆, the variables φ, θ, and ∆′/∆ are determined
from these conditions.
As a result, H˜n can be represented as a block-diagonal
form,
H˜n = H˜n,1 ⊕ H˜n,2. (9)
Here H˜n,1 is an n × n matrix whose basis is given by
the transformation of {|−1/2, Nr1,−1/2, Nr2, · · · ,−1/2,
Nrn,−1/2〉} by Un, describing the resonator modes: one
of the resonator modes is excited while all the qubits and
bridge qubit are at the ground states. H˜n,2 is written by
an (n+1)×(n+1) matrix with the basis obtained by the
same transformation of {|s1z, 0, s2z, 0, · · · , snz, 0, saz〉}
such as
H˜n,2 =

eq jq jq · · · jq ja
jq eq jq · · · jq ja
jq jq eq · · · jq ja
...
...
...
. . .
...
...
jq jq jq · · · eq ja
ja ja ja · · · ja ea
 , (10)
describing the qubit states: one of the qubits or bridge
qubit is excited while there is no resonator mode excita-
tion.
The interaction between qubits is described by the
Hamiltonian H˜n,2. The energy levels of the system of
n-qubits with a bridge qubit are as follows: for the state
with sjz = 1/2 for only one qubit, sjz = −1/2 for
other qubits, and saz = −1/2, [H˜n,2]ii = eq, and for
the state with sjz = −1/2 for all qubits and saz = 1/2,
[H˜n,2]n+1,n+1 = ea, where 1 ≤ i, j ≤ n. The qubit-
qubit coupling is given by [H˜n,2]ij = jq for i 6= j and
3the coupling between a qubit and the bridge qubit by
[H˜n,2]i,n+1 = [H˜n,2]n+1,j = ja. Then, eq, ea, jq, and ja
can be explicitly evaluated as
jq=− 1
2nq2
(q2A−φ2B−nθ2∆)+∆
′φ2θ2
q4
(1−2sec q+cos2q),(11)
ja=
φθ
2q2
(B−∆)+∆
′φθ
q4
[nθ2cos2q+(φ2−nθ2)sec q−φ2], (12)
eq=
n− 1
2n
A+
φ2B − n(q2 − θ2)∆
2nq2
(13)
+
∆′φ2θ2
q4
(1−2 sec q+cos2 q)−ωa
2
+
(
1−n
2
)
ωq,
ea=
n2θ2
2nq2
(B−∆)+∆
′
q4
(φ4+ 2nφ2θ2 sec q +n2θ4cos2 q)
−ωa
2
+
(
1−n
2
)
ωq, (14)
where A ≡ ∆ cos 2φ + 2g sin 2φ and B ≡ ∆ cos 2q +
(2/q)(nθf + φg) sin 2q.
Further, the coupling term ja between a qubit and the
bridge qubit can be eliminated by the transformation,
H∗n,2 = U˜
†
n,2H˜n,2U˜n,2, (15)
where
U˜n,2 = e
M˜ = e−
∑n
j=1 ηj(σj+σa−−σj−σa+). (16)
For the identical qubit case, ηj = η, U˜n,2 can be explicitly
evaluated as before,
U˜n,2=

n−1+cos√nη
n
cos
√
nη−1
n · · · cos
√
nη−1
n − sin
√
nη√
n
cos
√
nη−1
n
n−1+cos√nη
n · · · cos
√
nη−1
n − sin
√
nη√
n
...
...
. . .
...
...
cos
√
nη−1
n
cos
√
nη−1
n · · ·n−1+cos
√
nη
n −sin
√
nη√
n
sin
√
nη√
n
sin
√
nη√
n
· · · sin
√
nη√
n
cos
√
nη

.
(17)
By introducing the condition with  ≡ ea − eq,
tan 2
√
nη =
2
√
nja
(n− 1)jq −  , (18)
determining the variable η, we have
H∗n,2 =

εqn Jn Jn · · · Jn 0
Jn ε
q
n Jn · · · Jn 0
Jn Jn ε
q
n · · · Jn 0
...
...
...
. . .
...
...
Jn Jn Jn · · · εqn 0
0 0 0 · · · 0 εan
 . (19)
Here the energy levels are given by
εqn=
1
n
(−(n−1)jq) sin2
√
nη+
1√
n
ja sin 2
√
nη+eq, (20)
εan=cos
2
√
nη+(n−1)jqsin2
√
nη−√njasin2
√
nη+eq,(21)
and the qubit-qubit coupling
Jn =
1
2n
[(n+ 1)jq + + ((n− 1)jq − ) cos 2
√
nη
+2
√
nja sin 2
√
nη]. (22)
This qubit-qubit coupling strength can be explicitly writ-
ten as
Jn=
1
2n
[
(n+ 1)jq++
√
((n− 1)jq−)2+4nj2a
]
(23)
by using the condition of Eq. (18). Here we discard a
physically meaningless solution which has a finite value
even for f = 0 or g = 0.
The Hamiltonian in Eq. (19) can be represented in
the subspace of the Hilbert space satisfying Ne = 1 as
follows:
H∗n,2=
1
2
ω′aσaz+
n∑
j=1
1
2
ω′qσjz+
n∑
i,j=1,i6=j
Jn(σi+σj−+σi−σj+).
(24)
For the state with saz = −1/2 and one of siz’s is 1/2
we have εqn = − (n−2)2 ω′q − 12ω′a, and for the state with
saz = 1/2 and all siz’s are -1/2 we have ε
a
n = −n2ω′q+ 12ω′a,
resulting in the relations
ω′a = −
1
n− 1(nε
q
n − (n− 2)εan), (25)
ω′q = −
1
n− 1(ε
q
n + ε
a
n). (26)
Since the Hamiltonian H∗n,2 with xy-type coupling has
the W state as an eigenstate, we can produce the W
state in the transformed coordinate with the system of
n-qubits coupled with each other as shown in Fig. 1(b).
III. TWO-QUBIT COUPLING
In this section we will give numerical results of two
qubit case (n = 2). If we set ωr,1 = ωr,2 = ωr and
(a) (b)
FIG. 2: (a) Two qubit xy-coupling J2 as a function of g/∆
and f/∆. (b) A contour plot for ∆′/∆ obtained from Eqs.
(6)-(8) for n = 2 in the (g/∆, f/∆) plane.
4ωq,1 = ωq,2 = ωq as before, the transformed Hamiltonian
H˜2 = U
†
2H2U2 becomes block-diagonalized as
H˜2 = H˜2,1 ⊕ H˜2,2 (27)
and we can determine ∆′/∆, φ, and θ by using the con-
ditions in Eqs. (6)-(8). As a result, we have
H˜2,2 =
 eq jq jajq eq ja
ja ja ea
 , (28)
where the basis is given by the transformation
of {|1/2, 0,−1/2, 0,−1/2〉, | − 1/2, 0, 1/2, 0,−1/2〉, | −
1/2, 0,−1/2, 0, 1/2〉} by U2. Further, ja term can be
eliminated by the transformation H∗2,2 = U˜
†
2,2H˜2,2U˜2,2,
and we have
H∗2,2 =
 εq2 J2 0J2 εq2 0
0 0 εa2
 (29)
with εq2, ε
a
2 , and J2 in Eqs. (20)-(23).
In Fig. 2(a) we show J2 as a function of g/∆ and
f/∆, where J2 increases monotonically from 0 as g/∆
or f/∆ increases. Fig. 2(b) shows ∆′/∆ for obtaining
the final Hamiltonian of Eq. (29), which requires that
we adjust the value ∆′/∆ as g or f varies by changing
the bridge qubit frequency. If we consider the bridge
qubit as a transmon, this can be done by varying the
parameter value EJ/EC with EJ being the Josephson
energy and EC the charging energy. In the design of
transmon [20] the Josephson energy is given by EJ =
EJ,max| cos(piΦ/Φ0)| which can be tuned by the external
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FIG. 3: Energy levels of the Hamiltonian H2 and the two-
qubit coupling strength J2 for g = f . The dotted line shows
the energy level, εq2. In the inset all the energy levels of H2
are shown, among which the energy levels, εq12 = ε
q
2−|J2| and
εq22 = ε
q
2 + |J2|, are enlarged in the main figure.
magnetic flux Φ. From the numerical data of Ref. 20
δωa is tunable such that δωa ∼1GHz for δ(EJ/EC) ∼ 10
around EJ/EC = 50 for a typical transmon [21]. In
Fig. 2(b) ∆′/∆ < 1, which can be obtained by adjusting
δ∆′ ∼ δωa .1GHz with ∆ ≈1GHz for a circuit-QED
architecture [2].
In the inset of Fig. 3 the eigenvalues of the two-qubit
Hamiltonian H2 are shown for the case that g = f . In
the figure εr12 and ε
r2
2 correspond to the energy levels of
the resonator modes, and εq12 , ε
q2
2 , and ε
a
2 to those of
two qubits and bridge qubit, respectively. In Fig. 3 we
enlarge the energy levels in the inset corresponding to εq12
and εq22 . Under the unitary transformations, U2 and U˜2,2,
the eigenvalues are invariant, and thus H˜2,1 ⊕ H∗2,2 has
the same eigenvalues as H2. Since from the Hamiltonian
H∗2,2 in Eq. (29) ε
q1
2 = ε
q
2 − |J2| and εq22 = εq2 + |J2|, we
can observe that the energy gap in Fig. 3 is the two-qubit
coupling strength which is consistent with the result in
Fig. 2(a).
Consider the bridge qubit as the states of transmon at
degeneracy point. Then, far from the degeneracy point
of the bridge qubit two-qubits can be effectively decou-
pled, which provides a switching function. In Ref. 3 a
Stark pulse is applied bringing qubits in resonance for a
quarter period of oscillation to achieve the
√
iSWAP gate
[22]. In this case two qubits are coupled with the same
resonator with the interaction strength J = g1g2/∆ for
the same qubit frequencies, which is derived from the ro-
tating wave approximation and the transformation simi-
lar to that in Eq. (3) [2]. In the present case we perform
the
√
iSWAP gate similarly by using the switching func-
tion: a Stark pulse bring the bridge qubit to degeneracy
point and stay for an adjusted time during which two-
qubit state evolves. At the end of the
√
iSWAP gate the
bridge qubit moves away from the degeneracy point and
two-qubit coupling is switched off.
In addition we can consider an one-dimensional qubit
array. Owing to the switching function we can selectively
choose a pair of nearest neighbor qubits and perform a
two-quibt gate, and do the same process for another pair
of qubits. In this way we can implement a scalable quan-
tum computing in 1D array of qubits. Moreover, since
the qubit-resonator couplings g and f can be tuned by
using a three island version of the transmon [23], the
two-qubit coupling Jn in Eq. (23) can also be in situ
controllable. The switching function and controllability
is important for scalability of quantum circuit.
IV. DISCUSSIONS AND SUMMARY
In section 2 we showed that the W state |ψ′∗W 〉 can be
formed with the coupled qubits in Fig. 1(b) from the
Hamiltonian in Eq. (24) in the transformed coordinate.
However, this is not the exact W state in the original ba-
sis. For the transformed Hamiltonian H∗ = U†HU with
the eigenstate such that H∗|ψ′∗W 〉 = E|ψ′∗W 〉 the eigen-
state |ψ′W 〉 of original Hamiltonian H can be calculated
50.0 0.1 0.2 0.3 0.4 0.5 0.6
0.92
0.94
0.96
0.98
1.00
 n=3
 n=4
 n=5
 
 
F
g/ D
FIG. 4: Fidelity for W state formation by using the design in
Fig. 1(b) as a function of qubit-resonator coupling strength
for n = 3, 4, 5.
as |ψ′W 〉 = U |ψ′∗W 〉.
Actually we have introduced two consecutive trans-
formation, U2 and U˜2,2, and thus we can obtain
|ψ′W 〉 represented as |ψ′W 〉 =
∑n
k=1(c2k−1|φ2k−1〉 +
c2k|φ2k〉) + c2n+1|φ2n+1〉, where the basis ket is given
by {|s1z, Nr1, s2z, Nr2, · · · , snz, Nrn, saz〉} as before. For
|φ2k−1〉 state Nrj = 0 and saz = sjz = −1/2 except
skz = 1/2, for |φ2k〉 state Nrj = 0 except Nrk = 1
and saz = sjz = −1/2, and for |φ2n+1〉 state Nrj = 0,
sjz = −1/2 and saz = 1/2, where 1 ≤ j ≤ n. Here, the
coefficients are given by
c2k−1=
1√
nq2
[(nθ2+φ2cos q)cos
√
nη−2√nφθsin2 q
2
sin
√
nη],
c2k=− sin q√
nq
(φ cos
√
nη +
√
nθ sin
√
nη), (30)
c2n+1=
1
q2
[(φ2+nθ2cos q)sin
√
nη − 2√nφθsin2 q
2
cos
√
nη].
The fidelity for the W state formation can be given
by F = |〈ψW |ψ′W 〉| = (1/
√
n)
∑n
k=1 c2k−1 =
√
nC
with C = c2k−1, where |ψW 〉 is the W state in the
original basis. For a tripartite system with n = 3,
for example, |ψW 〉 is explicitly written as |ψW 〉 =
(1/
√
3)(| 12 , 0,− 12 , 0,− 12 , 0,− 12 〉+|− 12 , 0, 12 , 0,− 12 , 0,− 12 〉+
| − 12 , 0,− 12 , 0, 12 , 0,− 12 〉). In superconducting qubit sys-
tems the three-qubit W states [24, 25] have been demon-
strated in experiments by using sequential gates [26–28].
In Fig. 4 the fidelities F are close to 1 for weak cou-
pling, but in this case the gap of energy levels between
the W state and the other states become too small. On
the other hand, as the coupling increases, the energy gap
increases but fidelity decreases. The fidelity increases
slightly along with n due to the reduced occupation prob-
ability of the bridge qubit state for higher n.
The present scheme suffers from the decoherence prob-
lem. It is known that decoherence rate increases with the
system size [29, 30]. In Fig. 1(a) two qubits and a bridge
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FIG. 5: Relaxation rates of the ground and excited states of
coupled qubit-resonator system in Fig. 1(a) as a function of
qubit-resonator coupling strength. Here we set κ = 12γ [1]
and γ′ = γ.
qubit are coupled to two resonators, which may cause
decoherence due to hybridization of the qubits and the
cavity. This decoherence effect can be estimated by ob-
taining the eigenstates of the hybridized system.
From the symmetric eigenstate |ψ∗〉s = (1/
√
2)(1 1 0)T
of the Hamiltonian H∗2,2 in Eq. (29) for n = 2 we obtain
the ground state with eigenvalue εq12 of the Hamiltonian
H2 in original basis such as |ψ〉g = c1| 12 , 0,− 12 , 0,− 12 〉 +
c2| − 12 , 1,− 12 , 0,− 12 〉 + c3| − 12 , 0, 12 , 0,− 12 〉 + c4| −
1
2 , 0,− 12 , 1,− 12 〉+c5|− 12 , 0,− 12 , 0, 12 〉, where ci’s are given
by Eq. (30) with n = 2. Also, from the antisymmetric
eigenstate |ψ∗〉a = (1/
√
2)(1 −1 0)T we have the excited
state with eigenvalue εq22 such as
|ψ〉e = cosφ√
2
|1
2
, 0,−1
2
, 0,−1
2
〉 − sinφ√
2
| − 1
2
, 1,−1
2
, 0,−1
2
〉
−cosφ√
2
| − 1
2
, 0,
1
2
, 0,−1
2
〉+ sinφ√
2
| − 1
2
, 0,−1
2
, 1,−1
2
〉.(31)
From the eigenstate in original basis we can estimate
the decay rate of the ground(excited) state Γg(e) [1] as
Γg = (c
2
1 + c
3
3)γ + (c
2
2 + c
2
4)κ+ c
2
5γ
′, (32)
Γe = γ cos
2 φ+ κ sin2 φ,
where γ and γ′ are the relaxation rate of qubit and bridge
qubit, respectively, and κ that of cavity. Due to cou-
pling to the cavity with large relaxation rate κ > γ the
qubit state decays by the Purcell effect. In Fig. 5 we
observe that the relaxation rate of eigenstates increases
along with the qubit-resonator coupling g. The ratio of
relaxation rate of the coupled system to that of the un-
coupled qubit remains in the same order for reasonable
coupling g so that the present scheme may be viable in
real experiments.
In summary, a coupling scheme for qubits in circuit-
QED architecture with a bridge qubit introduced be-
6tween cavities is studied. The cavity modes interact-
ing with the bridge qubit mediate the coupling between
qubits. We derive a transformation producing an exact
representation of two-qubit coupling for arbitrary num-
ber of qubits. Our active coupling scheme enables switch-
ing function and control of coupling between qubits. For
n qubits coupled with each other the system can pro-
duce the W state as an eigenstate of the system. We
find that the coupled two-qubit system will be viable in
experiments.
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Appendix A: Transformation Matrix
The transformation can be explicitly evaluated for cou-
pled n qubits. Here we, for simplicity, consider identical
qubits and resonators, φj = φ and θj = θ and thus
Un=e
M =e−
∑n
j=1[φ(a
†
jσj−−ajσj+)+θ(a†jσa−−ajσa+)]. (A1)
Then, the Un can be represented as a block-partitioned
(2n + 1) × (2n + 1) matrix consisting of Q,T,C and C ′
for Ne = 1 as shown in Eq. (5). If we expand Un by
using the relation, eM = 1 +M + 12!M
2 + 13!M
3 + · · ·, we
obtain
Q11 = 1 + φ
2
∞∑
m=1
(−1)m
(2m)!
am (A2)
Q22 =
∞∑
m=1
(−1)m−1
(2m− 2)!am (A3)
Q12 = φ
∞∑
m=1
(−1)m−1
(2m− 1)!am (A4)
Q21 = −Q12 (A5)
with
a1 = 1,
a2 = φ
2 + θ2,
a3 = φ
4 + 2φ2θ2 + nθ4, (A6)
a4 = φ
6 + 3φ4θ2 + 3nφ2θ4 + n2θ6,
· · ·
This series has the following general form
am = q
2(m−1) − (n− 1)θ2
m−1∑
l=1
q2(m−l−1)φ2(l−1)
=
1
n
q2(m−1) +
n− 1
n
φ2(m−1) (A7)
with q =
√
φ2 + nθ2 and thus the matrix Q can be writ-
ten as
Q =
(
φ2
nq2 cos q +
n−1
n cosφ+
θ2
q2
φ
nq sin q +
n−1
n sinφ
− φnq sin q − n−1n sinφ 1n cos q + n−1n cosφ
)
.
(A8)
For the matrix T we have similar results such that
T11 = φ
2
∞∑
m=1
(−1)m+1
(2m+ 2)!
bm (A9)
T22 =
∞∑
m=1
(−1)m
(2m)!
bm (A10)
T12 = φ
∞∑
m=1
(−1)m
(2m+ 1)!
bm (A11)
T21 = −T12 (A12)
with
b1 = θ
2,
b2 = θ
2(2φ2 + nθ2),
b3 = θ
2(3φ4 + 3nφ2θ2 + n2θ4), (A13)
b4 = θ
2(4φ6 + 6nφ4θ2 + 4n2φ2θ4 + n3θ6),
· · ·
and thus
bm =
1
n
(
q2m − φ2m) , (A14)
resulting in
T =
(
φ2
nq2 cos q − 1n cosφ+ θ
2
q2
φ
nq sin q − 1n sinφ
− φnq sin q + 1n sinφ 1n cos q − 1n cosφ
)
.
(A15)
The elements of matrices C and C ′ also can be evalu-
ated similarly as
C1 = − 1
2!
φθ +
1
4!
φθ(φ2 + nθ2)− 1
6!
φθ(φ2 + nθ2)2 + · · ·
(A16)
C2 = −θ + 1
3!
θ(φ2 + nθ2)− 1
5!
θ(φ2 + nθ2)2 + · · ·
(A17)
C ′1 = C1, and C
′
2 = −C2, resulting in
C =
(
φθ
q2 (cos q − 1)
− θq sin q
)
, (A18)
C ′ =
(
φθ
q2 (cos q − 1) θq sin q
)
. (A19)
Finally, the matrix element, [Un]2n+1,2n+1, can be eval-
uated as
[Un]2n+1,2n+1 = 1− 1
2!
nθ2 +
1
4!
nθ2(φ2 + nθ2)− · · ·
=
φ2 + nθ2 cos q
q2
. (A20)
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